A microstructural model of steady-state creep that couples grain-boundary transport, micromechanics, and grain sliding is employed to investigate the grain-boundary diffusional creep response of an idealized microstructure with variable boundary diffusivities. Both numerical and analytical methods were used to determine the stress state and, in some cases, the strain rate associated with an applied uniaxial, tensile stress. Various types of boundaries are considered, and the implications of our results for more general microstructures are discussed.
I. INTRODUCTION
The long-time strain response of creeping systems subjected to a uniaxial stress is an important design consideration for both metals and ceramics. The creep behavior of these systems is often complex and governed by various mechanisms, including those involving diffusional transport and grain-boundary dislocation motion. In particular, diffusional creep occurs via a mass flux in either the bulk and/or at grain boundaries driven by a gradient in the chemical potential field attending the stressed state [1] [2] [3] [4] [5] [6] [7] [8] while dislocation-based creep occurs via the climb and glide of grain-boundary dislocations. [9] [10] [11] [12] The dominant mechanism for a given system can sometimes be inferred from the power-law dependence of the strain rate on stress and average grain size by a comparison of extracted exponents with those predicted by simple calculations.
The functional form of the grain-boundary diffusional creep law has been determined analytically from highly idealized microstructural models that couple mass transport and grain micromechanics and are based on either the behavior of a representative grain 3, 13 or the response of spatially uniform systems consisting of a repeat unit. 14, 15 The restrictive assumptions inherent in these simple models make them tractable while inevitably limiting their applicability to real systems. More sophisticated microstructural models are amenable to numerical analysis and have been employed recently to assess the impact of variable grain size and shape on aggregate creep response. 16, 17 It should be noted, however, that in many cases the strain rate dependence on grain size is unchanged in more complex microstructures, apart from a prefactor, as can be seen from dimensional analysis.
An important factor affecting creep behavior that has not been considered in earlier microstructural models is the variability in grain-boundary properties, especially the diffusivity. In general, the boundary diffusivity correlates with detailed boundary geometry, and some empirical relations have been formulated to quantify this interrelationship between structure and kinetics. 18, 19 Furthermore, there is evidence that grain-boundary segregation can inhibit diffusion in some systems by constricting nominally fast diffusion pathways. 20 Indeed, this "blocking" effect has been invoked to explain the observed decrease in secondary creep rate in selectively doped ceramic oxides. 20 -22 With this in mind, the purpose of this short paper is to model both analytically and numerically the grainboundary diffusional creep response of an idealized microstructure with variations in boundary diffusivity to investigate the stress state of this system and deduce an appropriate creep law. This is accomplished by modifying a microstructural model of creep that combines grainboundary transport, micromechanics, and grain sliding to determine the stress state, strain rate, and initial microstructural changes in the steady-state regime. Having obtained results for selected boundary configurations, we then consider the implications of our work for more realistic configurations and explore the origin of an anomalous stress dependence of the creep response.
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II. METHODOLOGY
A. General
The methodology that we employ here is, apart from small differences, discussed in some detail elsewhere, 16 ,17 and so we simply outline below the salient features of the approach. We wish to describe the onset of the steady-state diffusional creep response of a microstructure subjected to an applied uniaxial, tensile stress A at temperature T. We employ a two-dimensional, regular hexagonal network, consisting of N rigid grains, enclosed in a unit cell that is either periodic or, in this work, subjected to a set of prescribed stress or flux boundary conditions. In particular, we inscribe the network in a rectangular unit cell so the requisite number of half segments terminates on the cell boundary and the appropriate constraints can be applied at the boundary nodes.
In this system it is assumed that creep is dominated by grain-boundary diffusion, and therefore from the theory of linear irreversible thermodynamics, 24 there is a flow of matter induced by gradients in the chemical potential, subject to the constraints of mechanical equilibrium. The local chemical potential is a function of the normal stress on a boundary segment and the associated flux is given by
where D is the local grain boundary diffusivity, w is the coordinate along the segment, T is the absolute temperature, and k is Boltzmann's constant. For a given boundary the speed of recession or approach of neighboring grains is
If it is further assumed that the plating speed is constant (i.e., is constant) along a segment, then the corresponding boundary stress may be parameterized by a quadratic form in w. Thus, a complete solution to this problem amounts to calculating the three unknown stress parameters for every segment. This is accomplished by imposing the following constraints: (i) The boundary conditions are applied at the external (i.e., boundary) nodes.
(ii) The flux is conserved at each internal node. (iii) Normal stress is continuous at each internal node. (iv) The net force on each grain is zero. (v) The plating and sliding rates are compatible such that a contiguous structure is produced without boundary cracks on internal segments.
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B. Implementation
For convenience, the conservation laws and boundary conditions listed above are written in terms of the inhomogeneous matrix equation Ax ‫ס‬ b, where A is the matrix of coefficients corresponding to the conservation laws and boundary conditions listed above, x is a column vector consisting of the stress parameters, and b contains information on the boundary conditions and external forces. The inversion of this equation is problematic for two reasons: (i) the coefficients in the plating-rate equations are divergent for a regular, hexagonal structure, and (ii) A may be poorly conditioned. The former difficulty is overcome by a slight (random) displacement of the nodes, although this breaks translational symmetry, while the latter difficulty is addressed by applying specialized numerical techniques.
One approach that can be used to invert an illconditioned matrix is singular-value decomposition, 25 a procedure that amounts to identifying and then removing eigenvectors in the nullspace of A prior to inversion. Alternatively, it is possible to regularize the matrix system, 25 and we employ a variation on this method here by solving the following modified system of equations
where is a tunable parameter controlling the extent of regularization and X 0 is a trial solution for X. Equation (3) is obtained by finding the extremum of a weighted functional of X and a judiciously chosen X 0 , thereby constraining the solution vector to be "near" X 0 . In practice, we choose for X 0 the solution corresponding to a regular, hexagonal lattice with all segments having the same diffusivity (see below) and then adjust so as to minimize the residual |AX − b|. It has been found that this scheme is both robust and reversible; i.e., X 0 can be recovered as a solution vector upon starting from a different trial solution.
III. RESULTS
We now present the results of several calculations that were performed for a model system consisting of 125 grains under uniaxial tension and were subjected to a zero-flux boundary condition, as seen in Fig. 1(a) . Consider, for example, a simple benchmark in which there is a single grain-boundary diffusivity D such that all trijunctions are equivalent. By invoking the aforementioned conservation laws and symmetry arguments, one deduces the stress profiles 14 along the two inequivalent segment types [see Fig. 1(b) ] to be
where s ‫ס‬ w/G is a dimensionless segment coordinate and G is the segment length. (It should be noted that for the zero-flux boundary conditions implemented here, the range of s for some half segments [0.5, 1]. For these segments, the corresponding stress coefficients can be obtained by the substitution s → s + 1 ⁄2.) Figure 2 shows, as expected, the excellent agreement between the numerical and the analytical results [Eq. (4)] obtained for the path highlighted in Fig. 1(a) .
Next consider two illustrative cases in which there are distinct diffusivities D and D* such that D*/D ‫ס‬ ␣. For simplicity, it is assumed that all plates are flat despite the variable diffusivities. In the first case all segments normal to the direction of the applied stress (i.e., vertical segments) have diffusivities D* while the remaining segments have the baseline diffusivity D. Again, all trijunctions are equivalent in this system, and therefore, proceeding as above, one obtains Figure 3 shows the excellent agreement between stresses obtained both numerically and analytically along the chosen path for ␣ ‫ס‬ 0.6 and ␣ ‫ס‬ 2.5.
In the second case the diffusivity of a single, defected vertical segment is taken to be D* while the remaining segments have the baseline diffusivity D. Unlike the previous examples, the trijunctions here are inequivalent, and so an analytical approximation to the stresses is possible only within the limits of perturbation theory (i.e., |␣ − 1| is small). Figure 4 illustrates the simplifying assumptions needed for a tractable analysis here, namely that (i) despite the broken translational symmetry there Fig. 1(a) with the assumption that all grain boundaries have the same diffusivity. The numerical and analytical results shown here are in excellent agreement. Fig. 1(a) with the assumption that the ratio of the diffusivities on segment types 1 and 2 is ␣. The numerical and analytical results shown here for ␣ ‫ס‬ 0.6 and 2.5 are in excellent agreement.
FIG. 3. The normalized stress profile for the path shown in
FIG. 4.
A portion of a microstructure containing a single, defective segment. Segment types 2-4 represent those with nontrivial responses to the defect (segment 1). Note that two mirror planes of symmetry pass through the defect segment (through and at the perpendicular bisector). Like Fig. 1, material plates onto the vertical segment types  (1,4) and off of the zig-zag segment types (2,3).
remain both vertical and horizontal mirror planes through the defected segment and (ii) the associated stress perturbation decays over a distance of one grain diameter. These assumptions have the benefit of reducing the number of independent segments considered here, although this consequently limits the accuracy of the predicted (s) (but not the plating rates) of nearby vertical segments. The stress distributions for the four segment types modified by the defect are found to be Figure 5 shows the stresses obtained both analytically and numerically along the chosen path for ␣ ‫ס‬ 0.8 and ␣ ‫ס‬ 1.5. The agreement between the two stress profiles is impressive given that the required movement of the nodes and the imposition of zero-flux boundary conditions further break the translational symmetry in the numerical calculation. The results from this last case permit us to determine the strain response for a system containing a dilute concentration of identically defected segments. In this limit the strain rate is approximatelẏ
where the prefactor A is given by
and * is the fraction of vertical defected segments. The plating constants for the defected segment, its neighbor, and a perfect segment are B* ‫ס‬ −96/(1 + 7␣), BЈ ‫ס‬ −96␣/(1 + 7␣), and B ‫ס‬ −12, respectively. We note that A(0) ‫ס‬ 4√3␦⍀/(kT) in agreement with previous calculations.
14 As might be expected intuitively, it should be noted that the overall change in creep response modifies only the prefactor for a dilute solution of defected segments given that each defected segment is essentially independent in this limit. We discuss below the possible change in stress and grain size exponents that might result from spatial correlations among such segments.
IV. DISCUSSION AND CONCLUSIONS
The diffusional creep response of a microstructure having variable grain-boundary diffusivities was investigated here for several prototypical systems. In each case the spatial distribution of stresses was calculated, both numerically and analytically, and the steady-state strain rate determined in the limit of a dilute concentration of defected segments. In this limit the power-law expression for the strain rate [Eq. (7)] is modified by a change in the overall prefactor A.
We note that while the methodology employed here is based on that introduced in earlier work, 16, 17 the incorporation of variability in grain-boundary diffusivities presents new challenges that, to our knowledge, have not been treated quantitatively elsewhere. The variability of properties in this combined microstructural-mechanical model sometimes leads to numerical difficulties in solving the associated system of coupled equations, as discussed above. Indeed, the identification of a solution that is consistent with the constraint of plating-rate compatibility is often nontrivial. For example, in the case of a single, defective vertical segment, a numerical solution to the problem is needed to fully reflect the imposed boundary conditions and the different plating rates on the various boundary segments. The perturbative solution outlined in the previous section does, however, provide some insight into the nature of this solution. Having obtained a solution, this single segment can then serve as a building block for more complex structures with many defected segments.
More generally, it is of interest to determine the creep response for a system in which defect-defect correlations are significant. Such correlations can, in some cases, lead to relatively large local stresses and a number of preferred diffusion pathways. Other workers have suggested that boundary correlations can change the effective length scales in the system, [26] [27] [28] and so certain material properties, including creep response, may depend on the linear dimensions of clusters of grains sharing the same type of boundary. Thus, the effective stress and grainsize exponents in the creep law may be modified, and our model can be generalized to include nonlinear stressdependent driving forces. An assessment of the impact of boundary correlations on creep, as inferred from a configurational average of creep response, is the subject of ongoing work.
